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Abstract 

We obtain the correct hamiltonian which describes the dynamics of 
classes of asymptotic open Friedmann-Lemaitre- Robertson- Walker (FLRW) 
spacetimes, which includes Tolman geometries. We calculate the surface 
term that has to be added to the usual hamiltonian of General Relativity 
in order to obtain an improved hamiltonian with well defined functional 
derivatives. For asymptotic flat FLRW spaces, this surface term is zero, 
but for asymptotic negative curvature FLRW spaces it is not null in gen- 
eral. In the particular case of the Tolman geometries, they vanish. The 
surface term evaluated on a particular solution of Einstein's equations 
may be viewed as the "energy" of this solution with respect to the FLRW 
spacetime they approach asymptotically. Our results are obtained for a 
matter content described by a dust fluid, but they are valid for any perfect 
fluid, including the cosmological constant. 
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1 Introduction 



The hamiltonian formulation of General Relativity (GR) is known to have very 
different properties depending whether it is realized in closed spaces or in open 
spaces. For closed spaces, the hamiltonian of GR can be written in terms 
of a single general expression consisting of a volume integral in a spacelike 
hypersurface whose integrand is a hamiltonian density which is a combination 
of constraints £Q. For open spaces, however, it was long ago recognized that the 
hamiltonian of GR must be suplemented by a surface term . In Ref . , it was 
shown that such surface terms are in fact necessary if one wants to construct 
a consistent hamiltonian of GR in open spaces, with well defined functional 
derivatives. The specific form of the surface term depends on the asymptotic 
structure of such spaces. In this way the surface term of Ref.T was obtained in 
Ref. |2] from a consistency criterium applied to asymptotically flat spacetimes. 
This procedure was then used in asymptotically anti-de Sitter (ADS) spacetimes 
[3] in order to obtain the correct hamiltonian of such spaces. 

The evaluation of the total hamiltonian of GR on shell can be viewed as 
the total "energy" of specific gravitational fiels solving the Einstein's equations. 
For closed spaces this value is zero (any solution of Einstein's equations must, 
of course, satisfy the constraints). For open spaces with asymptotically flat and 
ADS structures, this value is given by the surface term evaluated on shell, which 
is not zero. The results are in agreement with other prescriptions to evaluate 
the total energy of these gravitational fields 0J|S] (see however 

The aim of this paper is to apply the procedure described in Refs.|21 El 
to more involved asymptotic structures. As we live in a Universe very well 
described by Friedmann-Lemaitre-Robertson- Walker (FLRW) spacetimes, we 
will study the hamiltonian formulation of asymptotically FLRW spacetimes. 
The matter content will be described by a dust fluid, but, as we will see, the 
results we obtain are valid for any perfect fluid, including the cosmological 
constant. The asymptotic structure of such spaces was obtained as follows: we 
started with Tolman geometries which are asymptotically FLRW spaces, and 
we act on them with the group of isometries of FLRW spaces in all possibles 
ways, obtaining a class of asymptotic FLRW geometries which contains Tolman 
geometries and which are invariant under the action of the Killing vectors of 
FLRW spaces at infinity. This procedure yields the asymptotic structure of 
the 3-geometries and their momenta. The asymptotic behaviors of the lapse 
and shift functions are obtained through the requirements that the hamiltonian 
dynamics preserves the asymptotic structure of the spatial geometries, and that 
the fluid 4-velocities be normal to the spacelike hypersurfaces which folliate 
spacetime. Of course, this is not the most general class of asymptotic FLRW 
spaces, but it contains a wide variety of physically interesting solutions such as 
Tolman geometries. 

This paper is organized as follows: in the next section we review the main 
general aspects of the hamiltonian formulation of GR for open spaces. In section 
III we describe in details the construction of the class of asymptotic FLRW 
spaces we will work with. In section IV we arrive at the correct hamiltonian 
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which describe the dynamics of such solutions. We end up with the conclusions. 



2 The Hamiltonian of General Relativity For 
Open Spaces 

The hamiltonian of General Relativity for closed geometries and a dust field is 
given by 

H = j JV„Wd 3 a: (1) 

where iV M = (N,Ni), N and N l are the lapse and shift functions, respectively, 
and is given by 

H° = 16irG abcd n ab TT cd - ^ + (m 2 + X ^) 1/2 ^ m 

with Gated = ^9^ 1/2 [9ac9bd+gadgbc~9ab9cd\- In the above expressions g ik is the 
metric, g its determinant, and R the scalar curvature of spacelike hypersurfaces. 
The canonical gravitational momentum is given by n lk , the double bar represents 
the covariant derivative with respect to g^, and \ is the dust field defining the 
velocity field of the dust particles of mass m, 

u" = -J—**. (3) 
m 

where i g lxv is the inverse of the 4 - dimensional metric A g^u The quantity n x 
is the canonical momentum of x, which is connected to the number density of 
dust paticles n through 

i/ 2 / 1+ X^!Y (4) 



tt x = ng 

\ " l ~ / 

We are using geometrical units where G = c = 1. 

When one varies H with respect to gik and ir tk , \ and k x one obtains: 

SH = j d 3 x[A tk Sg tk + BS X + C tk 5n lk + D6w x } (5) 

whose coefficients A lk , B, C lk , D, when inserted into the equations ir zk = —A lk , 
gik — Cjfcj tt'x = — ^> X = D ycld, together with the constraints TL w and 
W « 0, the full Einstein's equations for a general 4-geometry with a dust field. 
However, when the spacelike hypersufaces are open, the variation of H gives, 
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together with (JSJ, the surface terms 

-St = -Tib §b d 2 S l G^ kl {N5g l , m - N k 6 9lJ ) 
- § B d 2 Si[2N k 5n M + (2N k ^ 1 - N l ^ k )6g jk ] 

(6) 

+ § B d 2 S l N^ xX l 5 X {m 2 + X ,iX A ) 1/2 
+ § B d 2 S l N l n x 6 X , 



where d 2 Si = ^tij k dx^ A dx k , t\j k being the 3-dimensional metric independent 
totally antisimetric object, B is a 2-sphere at infinity, G l ^ kl = l/2g l / 2 {g tk g^ 1 + 
g ll gi k — 2g*ig ), and g lk is the inverse of gi k ■ 

If the surface term 10 does not vanish asymptotically, the functional deriva- 
tives of the hamiltonian cannot be defined due to the presence of them in the 
expression of SH . The usual remedy to this problem is to evaluate which surface 
terms in © survive for specific asymptotic strutures, and add to the hamiltonian 

a suitable surface term such that, for variations respecting the asymptotic 
struture of the field, the variation of the total hamiltonian Ht = H + E yields 

SH T = 6{H + E)=5H + 5E= , 
= J d 3 x[A lk Sg ik + BS X + C lk 5n ik + D5tt x ] - S T + S T [ ' 

where E is constructed in such a way that SE = St- As a consequence, the new 
hamiltonian Ht has now well defined variations yielding the correct Einstein's 
equations. This procedure has been successfully applied to asymptotically flat 
and anti-de Sitter spaces [3 El ■ We will now investigate if this procedure can 
be done for asymptotically FRLW spacetime. 



3 Two Classes of Asymptotically FLRW Space- 
time 

Our starting point is the class of Tolman metrics 

ds 2 = (1 - kr^R^dr 2 + R 2 (d0 2 + sin 2 ^ 2 ) - dt 2 , (8) 



where r, 9 , <p are comoving coordinates with the spherically symmetric fluid in 
the model, R(r, t) > 0, with R(0, t) = 0, r > 0, < 9 < tt , < 4> < 2tt, a prime 
denotes J^, and k — 0, — 1, as there are no open models with k = 1. 

If the line element (8) represents asymptotically FLRW spacetimes then, 
asymptotically, one should have 



R(r, t) = ra{t) 



1 



which implies that 



R'(r,t) = a(t) 



2 



0) 



(10) 
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Hence, 



322 — 322 



3ii 



1 + M + <Z!±M 



1 



2g 



(11) 

(12) 



and = sin #922 , where Sifc represents the background spacelike metric of the 

o 

FLRW spacetime at infinity, and we define hik = gik — 9%k ■ 
For the momenta, 



g V*(K ik - g ik K), 



where 



K ik = --^{glk - Nq k - N k \\i), 



and K = gikK lk . According to the above expressions one has, 



b k {t) 



where 7r are the background momenta given by 



(13) 
(14) 

(15) 
(16) 

There is a necessary contribuition to the 1/r dependence in (|15(l coming from 

o 1 / 2 ifc 

the term g 1 / 2 ~ g [1 + .9 hik + ■■■]■ The precise form of b k (t) in terms of git) 
and fit) is not important for what follows. 

o A* 

For the dust field, as the velocity field of the backgound is u = 5q then, 

asymptotically, x — mt[l + s{t)/r], n ~ ^(*)[1 + l(t)/r], and, from © and (0J, 
one obtains 

Pit) 



z k 



-2r 2 sm6da 2 9 



1 



(17) 



To obtain the classes of asymptotically geometries which contain JSJ and 
which are invariant under the action of the isometries of FLRW spacetimes at 
infinity, one must take the asymptotic deviations of the metric (JBJ), the field \ 
and their momenta with respect to the reference FLRW space, 



hik — gik — gik 

h 'I °^ k 

p = 7T - 7T p x 



q = X-X 

o 

7T V - 7T\ 



(18) 



and act on them with the Killing vectors of FLRW spaces. The Killing vectors 
of the homogeneous and isotropic hypersufaces of asymptotic FLRW spacetimes 
read 

(,(12) - m 



C(23) 
C(31) 



(19) 



C0S( t>-§e ~ cotg0sin<^ 
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C(i4) = (1 - fcr 2 ) 1 /2 s i n 6l C os0A + (1 ~ fc ; ) cosflcos^ 



C (24) = (1 - fcO^sinflsin^ + G=^coeftdn*£ + 
C (3 4) = (1 - fcr 2 )VWj: - (l^!sin^ 

(20) 

The Killing vectors generators of rotations are written in l|19l) , while the gener- 
ators of "translations" are written in (|20|l . 

The asymptotic strutures of theses classes and the relevant surface terms in 
ijfJJl will depend on the value of fc, yielding two distinct classes of asymptotic 
behavior, which will be treated separately. 

3.1 The k = case 

The background phase space variables are: 

9u = a 2 {t); 3 22 = a 2 {t)r 2 - g 33 = sin 2 <9.9 2 2 



7r = — 2r 2 sin#d(i); 7r = — 2sin#d(i); ir — it smT 6 (21 J 



X = mt] ir x = na 3 r 2 sin9 
The asymptotic deviations of (JHJ) from this background behaviour read 
h n ~ ~2a 2 (t)g(t)r~ 2 ; h 22 ~ a 2 (t){2r(t)f(t) + [f 2 (t) + 2g(t)}}; 
p 11 ~ m(t)r; p 22 ~ n 2 (i)r _1 ; 

(22) 

= sm 2 9h 2 2; P 33 = p 22 sin 2 6>; 

g~n 3 (i)r _1 ; p x ~ n 4 (t)r, 

where the rij (t) are functions of time depending on the particular Tolman solu- 
tion we take. 

Acting on these deviations with the Killing vectors of the k = FLRW 
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spacetimes written in (|19f) and l|2(J|) . we obtain the general asymptotic behaviors: 



hu 


~r-*lu(t,0,<i 


))+0(r- 3 ) 


h.22 


~riaa(t,M) - 


f 0(r°) 




~ri3s(t,M) - 


f 0(r°) 


h\2 




)) + 0(r- 2 ) 


hi 3 




)) + 0(r- 2 ) 




~r- 1 ; 23 (M,<? 


)) + 0(r- 2 ) 


p u 


- rM n (t,e,<j) 


) + 0(r°) 


p 22 


~ r -iM 22 (i,6> 


<^) + 0(r- 2 ) 


p 33 


- r -iM 33 0,6> 


<^) + 0(r- 2 ) 


p 12 


- r -iM 12 (i,6> 


0) + O(r- 2 ) 


p 13 


- r -iM 13 (i,(9 


0) + O(r~ 2 ) 


p 23 




0) + O(r~ 2 ) 


Px r 


«rM x (t,M)- 


f 0(r°) 


q ~ 




+ 0(r- 2 ) 



(23) 



The asymptotic behavior of the lapse function can be evaluated by demand- 
ing that the dynamics do not spoil the above relations. The dynamics yields, 



g lk = 2Ng- 1 ' 2 



1 



+ N lU + N H 



(24) 



Evaluating it for i = k = 1, we find that SN ~ 0(r -2 ) for gu ~ (3(r~ 2 ) as <?n. 

For the shift functions, if one demands that the asymptotic hypersufaces 
be orthogonal to the fluid 4-velocity, then the hypersuface normal vector rf = 



AT-^l, AP) 



= -g^X,v/ m which implies from JTHJ), (ED and that 



TV 1 - 0(r- 2 ), and TV 2 - iV 3 - 0(r- 3 ). 
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3.2 The k = -1 case 

The background phase space variables are now given by: 
gil =a\t){l + r 2 )- 1 - 



n = -2r 2 (l + r 2 ) 1 / 2 sin6»d(i) 
g 33 = sin 2 6»<?22 

o 

X = mt 



922 = a 2 {t)r 2 - 

22 

n = -2sin6'd(t)(l + r 2 )- 1 /2 ; 

33 o 22 

7r = 7r sin 



(25) 



7r x = na 3 r 2 sin#(l + r 2 ) x l 2 
The asymptotic deviations of (jHJ) from this background now read 
h n ~ -2 a 2 (i) 3 (t)r" 4 ; /i 22 ~ a 2 (t){2rf(i) + [/ 2 (t) + 2g(t)}}; 

p 11 ~ ni(t)r; p 22 ~ ri2(t)r _1 ; 

/i 33 = sin 2 6»/i 2 2; P 33 = p 22 shT 2 6»; 

g~n 3 (t)r _1 ; p x - n 4 (i). 

The action of the Killing vectors of the k = -1 FLRW spacetimes listed in 



(26) 
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I|19|) and l|2U[) yields the following general behavior, 







+0(r- 5 ) 




~riaa(*,M) 


+ 0(r°) 




~W 33 (M,<£) 


+ 0(r°) 


hu 




/>) + 0(r- 3 ) 


hu 




i>) + 0(r- 3 ) 


h 2 3 




j)) + 0(r- 2 ) 


p n 


~ r 2 M u (t,e, 


<t>) + 0(r) 


p 22 


~r- 2 M 22 (t,6 


,4>) + 0{r~ 3 ) 


p 33 


~ r~ 2 M S3 (t,6 


,4>) + 0(r~ 3 ) 


p 12 


~ r- x M X2 {t,b 


,(b) + 0(r~ 2 ) 


p 13 


~ r- x M 13 (t,6 


,(b) + 0(r~ 2 ) 


p 23 


- r -iM 23 (i,6 


,<b) + 0(r- 2 ) 


Px r 




-0(r-i) 


q ~ 




+ 0(r- 3 ) 



(27) 



where the last two behaviors come from the fact that u l , according to (3), must 
be zero at infinity. 

Using the same arguments as in the k = case, we obtain that N « 1 + 
0(r- 2 ), iV 1 » Oir- 1 ), N 2 « 0(r-- 4 ), TV 3 « 0(r~ 4 ). 

4 The Hamiltonians of Two Classes of Asymp- 
totically FLRW Spacetimes 

We are now in position of evaluating the surface integrals ©■ In spherical 
coordinates, d 2 Si = dOdipS] . 

4.1 The k = case 

The unique terms on the integrand which may not vanish asymptotically are: 

1/2 11 22 2 33o3 o22 o^3 

-S T = -9 9 [9 T 12 Sg22+9 T 13 Sg 3 3+9 6922a + 9 Sg 33 a], (28) 
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where the semicolon means the covariant derivative with respect to the back- 
er 2 o 3 

ground metric. However, as £522 ~ 8g 33 ~ O(r), and as Ti2 = Ti3 = r , the 
terms in the above expression cancel out at this order. Hence St = for k = 
and it is not necessary to suplement the hamiltonian with any surface term. It 
means that, on shell, H = 0. 



4.2 The k = -1 case 

The surface term © can now be calculed. The relevant terms are: 

1/2 11 22 1 

~ s t = ~iklB d S ^ 9 9 {$921,2 -T 22 8gu 

2 22 

-(T 12 + AT 2 12 )(Sg 22 +Sg )- 8922,1] 



(29) 



i^J B <i 2 Si3 9 9 [<fo 3 i,3 " T^Sg 11 



3 33 

(r 13 + AT 3 13 )(Sg 33 + Sg ) 



733,1 J 



22 33 

where AT 2 12 = 1/2(9 h 2 2,i + h 22 9 22A ) and AT 3 13 = 1/2(5 h 33 ,i + /i 33 5 33 ,i) are 

o ^ o 3 

the next leading order terms of T\ 2 and Y\ 3 after r 12 and Ti3, respectively. The 

o 2 o 3 

divergent terms cancel out (ri2 = Ti3 = r _1 ) and this surface term is finite. 
The terms containing the deviations Ar of the connections with respect to the 
background connection, which are of order r~ 2 , can be written as 

ml X/2 



1 f „ 1 ml l/2 

—6 J dPSi-{h t3 hij). m g g . (30) 



This can be proved by using that, at leading order, h 22 , Sg 22 , h 33 , 5g 33 are of 
order r and hence h 22 8g 22 s — h 22 ,\8g 22 and h 33 8g 33 ,\ = h 33 ,iSg 33 . Then the 
total no null surface terms for this k = -1 case reads 



S T = — S I d 2 Si 

16tt 



oijkl 1 ml Q l/2' 

G h ij;k --(h i: >hi j ) ;m g g 



(31) 



The total hamiltonian with well defined functional derivatives is Ht = H + E, 
where 

1 f „ oijkl 1 m; i/2 

E= \Mj Sl[G h ^-g( hVfl ij);rn9 9 }■ (32) 

We would like to emphasize once again that the variations in l|32(l are for 

o 

fixed background at infinity, which means that 5g m i = at infinity. The surface 
term E is completely covariant under general spatial coordinate transformations 
and finite. 

For the case of Tolman metrics, where the asymptotic deviations from FLRW 
are given in the quantity E given in Ij32(l is identically zero because of 
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cancellation of its terms. This happens due to the three conditions satisfied by 
the Tolman metric (JSJ): 

i) The functions / and g in hn and /122 depend only on time. 

ii) The function g(t) appearing in h\i is the same as the one appearing in 
the second term of ^22- 

iii) /i 33 = sm 2 9h 2 2- 

If one of these conditions is not satisfied, the term E may not be null. 

5 Conclusion 

We have constructed consistent hamiltonians for some classes of asymptotically 
FLRW spacetimes. 

In the case k = 0, there is no need to add surface terms to the usual hamil- 
tonian of GR in order for the hamiltonian formalism be well defined. 

In the case k = — 1, a surface term must be present which is shown in Eq. 
<|32l) . For Tolman geometries given in @, this surface term is zero, although it 
should not be zero in more general cases. 

If we interpret the value of the hamiltonian evaluated in a solution of Ein- 
stein's equations as the "energy" of this solution with respect to the FLRW 
spacetime they approach at infinity (its reference spacetime), which is not nec- 
essarily conserved because of the absence of timelike Killing vectors in such 
solutions, then we can say that any asymptotic FLRW spacetime with k = 
and Tolman solutions with k = — 1 have the same "energy" as their reference 
FLRW spacetimes. 

Note that the terms involving the dust field degrees of freedom do not con- 
tribute to the surface terms in any case. The same must be true for other perfect 
fluids. A cosmological constant also does not contribute because it appears in 
the hamiltonian without derivative terms (<? 1//2 A). 

One important consequence of these results is that if one wishes to study 
the midisuperspace quantization of geometries with asymptotic behavior given 
in H27J) . then the surface term i|ri2J) must be taken into account, yielding a non 
trivial Schrodinger equation besides the Wheeler-DeWitt equation. For the 
k = case, the situation is the same as in midisuperspace quantization of closed 
geometries: the only relevant equation is the Wheeler-DeWitt equation as long 
as, in this case, there are also no surface terms. 

It should be interesting to evaluate the surface term (|32|) for asymptotic 
FLRW spacetimes satisfying (|27H which are different from Tolman geometries, 
and study the physical significance of this term in this geometry. This will be 
the subject of our further investigations. 
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